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OKA PROPERTIES OF COMPLEMENTS OF
HOLOMORPHICALLY CONVEX SETS
YUTA KUSAKABE
Abstract. Our main theorem states that the complement of a compact holo-
morphically convex set in a Stein manifold with the density property is an
Oka manifold. This gives a positive answer to the well-known long-standing
problem in Oka theory whether the complement of a polynomially convex set
in Cn (n > 1) is Oka. Furthermore, we obtain new examples of nonellip-
tic Oka manifolds which negatively answer Gromov’s question. The relative
version of the main theorem is also proved. As an application, we show that
the complement Cn \ Rk of a totally real affine subspace is Oka if n > 1 and
(n, k) 6= (2, 1), (2, 2), (3, 3).
1. Introduction
A complex manifold Y enjoys the density property if the Lie algebra generated
by all C-complete holomorphic vector fields on Y is dense in the Lie algebra of all
holomorphic vector fields on Y with respect to the compact-open topology. The
most typical examples are complex Euclidean spaces of dimension at least two1.
This is a consequence of the classical Anderse´n–Lempert theory [2] (see [12, §4.10]
and [21]). For a Stein manifold, it is known that the density property implies
the Oka property (cf. [12, Proposition 5.6.23]). Here is the definition of the Oka
property.
Definition 1.1. A complex manifold Y is an Oka manifold if any holomorphic
map from an open neighborhood of a compact convex set K ⊂ Cn (n ∈ N) to Y
can be uniformly approximated on K by holomorphic maps Cn → Y .
In Oka theory (cf. [12]), it is important to understand when a closed set in an
Oka manifold has an Oka complement. The only examples which have Oka comple-
ments so far were closed sets of positive codimension (closed complex subvarieties
of codimension at least two [8, 16, 19, 23, 24, 25], closed complex hypersurfaces
[20, 23] and closed countable sets of codimension at least two [22, 32]). Our main
theorem gives whole new examples of arbitrary codimension.
Theorem 1.2. For any Stein manifold Y with the density property and any com-
pact O(Y )-convex set K ⊂ Y , the complement Y \K is Oka.
2020 Mathematics Subject Classification. Primary 32E20, 32Q56; Secondary 32E10, 32M17.
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1In fact, there are no 1-dimensional Stein manifolds with the density property.
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This theorem is motivated by the well-known long-standing problem whether the
complement of a compact polynomially convex set in Cn (n > 1) is Oka (cf. [15,
Problem], [10, Problem 3.11]). Forstnericˇ and Ritter studied such a complement
and proved that it enjoys a restricted version of the Oka property [17, Theorem
1] (see also [14, Remark 1.3]). Since the complex Euclidean space Cn (n > 1)
enjoys the density property, Theorem 1.2 gives the following positive answer to
this problem.
Corollary 1.3. For any compact polynomially convex set K ⊂ Cn (n > 1), the
complement Cn \K is Oka.
Since every n-dimensional connected Oka manifold is the image of a holomorphic
map from Cn by the result of Forstnericˇ [13, Theorem 1.1], Corollary 1.3 has the
following consequence.
Corollary 1.4. For any compact polynomially convex set K ⊂ Cn (n > 1), there
exists a holomorphic map f : Cn → Cn such that f(Cn) = Cn \K.
As another application of Theorem 1.2, we obtain new examples of nonelliptic
Oka manifolds. Ellipticity was introduced by Gromov in his seminal paper [19] in
1989. A complex manifold Y is said to be elliptic if there exists a holomorphic
map s : E → Y from a holomorphic vector bundle E on Y such that s(0y) = y
and s|Ey : Ey → Y is a submersion at 0y for each y ∈ Y . It is a consequence of
Gromov’s main result in [19] that ellipticity implies the Oka property. In the same
paper, he also proved the converse for Stein manifolds [19, Remark 3.2.A]2. Then
he asked a question whether the converse holds for all complex manifolds [19,
Question 3.2.A′′]. This question was negatively answered in our previous paper
by the nonelliptic Oka complement of a non-discrete compact countable set in
Cn (n ≥ 3) [22, Corollary 1.4]. The result of Andrist, Shcherbina and Wold [4,
Theorem 1.1] (see also [22, Lemma 3.3]) and Theorem 1.2 give the following new
examples of nonelliptic Oka manifolds.
Corollary 1.5. Let Y be a Stein manifold with the density property and K ⊂ Y
be a compact O(Y )-convex set. Assume that dim Y ≥ 3 and K ⊂ Y has infinitely
many accumulation points. Then the complement Y \ K is a nonelliptic Oka
manifold.
The proof of Theorem 1.2 is given in Section 4. In fact, we show the relative
version (Theorem 4.2) of Theorem 1.2. In Section 5, we prove the following gen-
eralization of Corollary 1.3 by using this relative version. Here, the polynomial
hull Ŝ of a closed set S ⊂ Cn is defined by Ŝ =
⋃
j∈N Ŝj where S =
⋃
j∈N Sj is an
exhaustion of S by compact sets.
2The condition Ell∞ in [19, Remark 3.2.A] is equivalent to the Oka property (cf. [12, §5.15]).
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Theorem 1.6. Let S ⊂ Cn (n > 1) be a closed polynomially convex set (i.e.
S = Ŝ). Assume that for some C > 0 there exists a holomorphic automorphism ϕ
of Cn such that
ϕ(S) ⊂
{
(z, w) ∈ Cn−2 × C2 : ‖w‖ ≤ C(1 + ‖z‖)
}
.
Then the complement Cn \ S is Oka.
It is also a well-known problem whether the complement of a totally real affine
subspace Rk ⊂ Cn is Oka for n > 1 and 1 ≤ k ≤ n [18, Problem 1.5]. As in the
case of compact polynomially convex sets, Forstnericˇ and Wold proved that for
n > 1 and 1 ≤ k ≤ n − 1 the complement Cn \ Rk enjoys a restricted version of
the Oka property [18, Theorem 1.3] (see also [27]). Observe that
C
n \ R2k ∼= Cn \
{
(z, 0, . . . , 0, z¯) : z ∈ Ck
}
,
C
n \ R2l+1 ∼= Cn \
(
R×
{
(z, 0, . . . , 0, z¯) : z ∈ Cl
})
,
and the sets{
(z, 0, . . . , 0, z¯) : z ∈ Ck
}
, R×
{
(z, 0, . . . , 0, z¯) : z ∈ Cl
}
are contained in {(z, w) ∈ Cn−2 ×C2 : ‖w‖ ≤ (1 + ‖z‖)} if max{k, l+ 1} ≤ n− 2.
Note that the only exceptions are C2 \R, C2 \R2 and C3 \R3. Since every closed
set S in Rn ⊂ Cn is polynomially convex (cf. [30, p. 3]), the above observation and
Theorem 1.6 imply the following corollary.
Corollary 1.7. If n > 1, then for any compact set K in Rn ⊂ Cn the complement
Cn \K is Oka. If in addition (n, k) 6= (2, 1), (2, 2), (3, 3), then for any closed set S
in Rk ⊂ Cn the complement Cn \S is Oka. In particular, the complement Cn \Rk
of a totally real affine subspace is Oka if n > 1 and (n, k) 6= (2, 1), (2, 2), (3, 3).
In the above results, we only consider the complements of holomorphically con-
vex sets. It can be easily seen that a domain in a complex manifold with a strongly
pseudoconvex boundary point cannot be Oka (cf. [17, Example 5]). Thus it is nat-
ural to ask whether the Oka property of the complement Cn \ S of a closed set S
implies polynomial convexity of S. In fact, we can obtain the following negative
answer to this question as an application of Theorem 1.6.
Corollary 1.8. For any rectifiable simple closed curve C ⊂ Cn (n ≥ 3), the
complement Cn \C is Oka. In particular, the complement Cn \S1 of the unit circle
S1 in a complex line C ⊂ Cn (n ≥ 3) is Oka.
The proof of Corollary 1.8 is given in Section 5. In the same section, we give
further applications of our results.
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2. Dominating sprays and the Oka property
In this section, we recall the notion of dominating sprays which plays a funda-
mental role in the proof of Theorem 1.2. For a subset A of a topological space X ,
let OpA denote a non-specified open neighborhood of A in X .
Definition 2.1. LetX be a (reduced) complex space, π : Y → B be a holomorphic
submersion (between complex spaces) and A ⊂ X be a subset.
(1) A (local) π-spray over a holomorphic map f : OpA→ Y is a holomorphic map
s : OpA ×W → Y where W ⊂ CN is an open neighborhood of 0 such that
s(x, 0) = f(x), π ◦ s(x, w) = π ◦ f(x) for all (x, w) ∈ OpA×W . Particularly
in the case of W = CN , s is also called a global π-spray.
(2) A π-spray s : OpA ×W → Y is dominating if s(x, ·) : W → π−1(π ◦ s(x, 0))
is a submersion at 0 for each x ∈ A.
The following variant of Gromov’s ellipticity was introduced in our previous
paper [24].
Definition 2.2. A holomorphic submersion π : Y → B is convexly elliptic if there
exists an open cover {Uα}α of B such that for any compact convex set K ⊂ C
n
(n ∈ N) and any holomorphic map f : OpK → Y with f(K) ⊂ π−1(Uα) for some
α there exists a dominating global π-spray over f .
A holomorphic submersion is said to enjoy the Oka property if it enjoys one (and
hence all) of the equivalent Oka properties in [24, Corollary 5.5]. For example, a
holomorphic submersion π : Y → B enjoys the Oka property if and only if for any
bounded convex domain Ω, any compact convex set K ⊂ Ω × Cn (n ∈ N), any
holomorphic map F : Ω→ B and any continuous map f : Ω× Cn → Y such that
f |OpK is holomorphic and π ◦ f(z, w) = F (z) for all (z, w) ∈ Ω × C
n there exists
a holomorphic map f˜ : Ω × Cn → Y which approximates f uniformly on K and
satisfies π ◦ f˜(z, w) = F (z) for all (z, w) ∈ Ω× Cn (cf. [24, Definition 5.1]). Thus
a holomorphic submersion Y → ∗ onto the singleton enjoys the Oka property if
and only if Y is Oka in the sense of Definition 1.1. The following characterization
of the Oka property is the main theorem in [24].
Theorem 2.3 (cf. [23, Theorem 2.2] and [24, Theorem 1.3 and Corollary 5.5]).
A holomorphic submersion enjoys the Oka property if and only if it is convexly
elliptic.
In the proof of Theorem 1.2, we also need the following fact which ensures the
existence of biholomorphic local sprays. Here, BN denotes the open unit ball in
CN .
Lemma 2.4 (cf. [12, Lemma 5.10.4]). Assume that K ⊂ Cn is a compact con-
vex set, π : Y → OpK is a holomorphic submersion and f : OpK → Y
is a holomorphic section of π. Then there exists a biholomorphic local π-spray
ι : OpK × BN → ι(OpK × BN ) ⊂ Y over f .
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3. The density property
In this section, we recall the definition of the density property for holomorphic
submersions and the relative Anderse´n–Lempert theorem to prove the relative
version (Theorem 4.2) of Theorem 1.2. The following definition was introduced by
Andrist and Kutzschebauch [3].
Definition 3.1 (Andrist–Kutzschebauch [3, Definition 1.2]). A holomorphic sub-
mersion π : Y → B enjoys the (fibered) density property if the Lie algebra gener-
ated by all C-complete holomorphic vector fields on Y tangent to the fibers of π is
dense in the Lie algebra of all holomorphic vector fields on Y tangent to the fibers
of π with respect to the compact-open topology.
Example 3.2. Assume that Y is a Stein manifold with the density property and
B is a Stein space. Then the trivial bundle B×Y → B enjoys the density property
by [31, Lemma 3.5].
We can easily see that the density property is stable under pullback.
Lemma 3.3. Assume that X and Y are Stein spaces, π : Y → B is a holomorphic
submersion with the density property and f : X → B is a holomorphic map. Then
the pullback submersion f ∗π : f ∗Y → X enjoys the density property.
Proof. Note that we have a pullback diagram:
f ∗Y X × Y
X X × B
f∗pi
(f∗pi,pi∗f)
idX×pi
(idX ,f)
p
Let V be a holomorphic vector field on f ∗Y tangent to the fibers of f ∗π. Since
(f ∗π, π∗f) : f ∗Y → X × Y is a proper holomorphic embedding and X × Y is
Stein, there exists a holomorphic vector field W on X × Y tangent to the fibers
of idX × π such that (f
∗π, π∗f)∗W = V . Then the argument in the proof of
[31, Lemma 3.5] implies that W can be approximated by Lie combinations of C-
complete holomorphic vector fields on X × Y tangent to the fibers of idX × π.
Thus the holomorphic vector field V = (f ∗π, π∗f)∗W can also be approximated
by Lie combinations of C-complete holomorphic vector fields on f ∗Y tangent to
the fibers of f ∗π. 
The following is the relative Anderse´n–Lempert theorem proved by Andrist and
Kutzschebauch [3]. It is slightly different from [3, Theorem 1.4], but it also holds
because a holomorphically convex set in a Stein space admits a basis of open Runge
neighborhoods.
Theorem 3.4 (cf. Andrist–Kutzschebauch [3, Theorem 1.4]). Let Y be a Stein
manifold, π : Y → B be a holomorphic submersion with the density property,
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U ⊂ Y be an open set and ϕt : U → Y (t ∈ [0, 1]) be a fiber-preserving C
1-isotopy
of injective holomorphic maps such that ϕ0 is the inclusion U →֒ Y . Assume that
K ⊂ U is a compact set such that ϕt(K) is O(Y )-convex for every t ∈ [0, 1]. Then
there exists a fiber-preserving homotopy ϕ˜t : Y → Y (t ∈ [0, 1]) of holomorphic
automorphisms such that ϕ˜0 = idY and ϕ˜t approximates ϕt uniformly on K for
every t ∈ [0, 1].
In the proof of the relative version (Theorem 4.2) of Theorem 1.2, we also need
the jet interpolation condition (see [28] for some related results). Here, a compact
subset of a complex space is called a Stein compact if it admits a basis of open
Stein neighborhoods, and jkyϕ denotes the k-jet of ϕ at y.
Corollary 3.5. Let π : Y → B, K ⊂ U ⊂ Y and ϕt : U → Y (t ∈ [0, 1]) be
as in Theorem 3.4. Assume that L ⊂ B is a Stein compact, f : OpL → Y is
a holomorphic section of π such that f(L) ⊂ K◦, and ϕt(K) is O(Y )-convex for
every t ∈ [0, 1]. Then for any nonnegative integer k there exists a fiber-preserving
homotopy ϕ˜t : π
−1(OpL) → π−1(OpL) (t ∈ [0, 1]) of holomorphic automorphisms
such that
(1) ϕ˜0 = idpi−1(OpL),
(2) ϕ˜t approximates ϕt uniformly on K ∩ π
−1(OpL) for every t ∈ [0, 1], and
(3) jkf(b)(ϕ˜t|pi−1(b)) = j
k
f(b)(ϕt|pi−1(b)) for all b ∈ OpL and t ∈ [0, 1].
Proof. By the argument in the proof of [28, Lemma 7], there exist C-complete
holomorphic vector fields Vj (j = 1, . . . , N) on Y tangent to the fibers of π such
that for the global π-spray
s : π−1(OpL)× CN → π−1(OpL), s(y, w1, . . . , wN) = ψ
w1
1 ◦ · · · ◦ ψ
wN
N (y)
defined by the flows ψwj (w ∈ C) of Vj, the map
C
N → Jkf(b),∗(π
−1(b)), w 7→ jkf(b)(s(·, w)|pi−1(b))
to the space of nondegenerate k-jets at f(b) is a submersion at 0 for each b ∈ OpL
(cf. [28, §2]). By Theorem 3.4, there exists a fiber-preserving homotopy Φt : Y →
Y (t ∈ [0, 1]) of holomorphic automorphisms such that for each t ∈ [0, 1],
• Φ0 = idY ,
• Φt approximates ϕt uniformly on K, and
• Φ−1t ◦ ϕt is sufficiently close to the identity map on Op f(L).
Since L is a Stein compact, there exists a homotopy of holomorphic maps gt :
OpL→ CN (t ∈ [0, 1]) close to 0 such that g0 ≡ 0 and
jkf(b)(s(·, gt(b))|pi−1(b)) = j
k
f(b)(Φ
−1
t ◦ ϕt|pi−1(b))
for all b ∈ OpL and t ∈ [0, 1] (cf. [23, Lemma 2.5]). If we set
ϕ˜t = Φt ◦ s ◦ (idpi−1(OpL), gt ◦ π) : π
−1(OpL)→ π−1(OpL) (t ∈ [0, 1]),
it has the desired properties. 
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4. Proof of Theorem 1.2
The goal of this section is to prove the relative version (Theorem 4.2) of Theo-
rem 1.2. To state this theorem, we introduce the following notion. Holomorphic
convexity of a closed set is defined in the same way as polynomial convexity (see
Theorem 1.6).
Definition 4.1. Let π : Y → B be a holomorphic submersion. A subset S ⊂ Y is
called a family of compact holomorphically convex sets if the restriction π|S : S →
B is proper and each point of B admits an open neighborhood U ⊂ B such that
S ∩ π−1(U) ⊂ π−1(U) is O(π−1(U))-convex.
The following is the relative version of Theorem 1.2.
Theorem 4.2. Let π : Y → B be a holomorphic submersion between complex
spaces and S ⊂ Y be a family of compact holomorphically convex sets. Assume
that each point of B admits an open neighborhood U ⊂ B such that π−1(U) is Stein
and the restriction π−1(U) → U enjoys the density property. Then the restriction
π|Y \S : Y \ S → B enjoys the Oka property.
In the proof of Theorem 4.2, we use the notion of non-autonomous basins with
uniform bounds (cf. [1, 9]). Let Y be a complex manifold, ι : Bn → ι(Bn) ⊂ Y be
a biholomorphic map and {ϕj}j∈N be a sequence of holomorphic automorphisms
of Y . Assume that ϕj ◦ ι(B
n) ⊂ ι(Bn) for all j ∈ N and there exist 0 < C < D < 1
such that
ϕj ◦ ι(0) = ι(0), C‖w‖ ≤ ‖ι
−1 ◦ ϕj ◦ ι(w)‖ ≤ D‖w‖
for all j ∈ N and w ∈ Bn. Then the set{
y ∈ Y : lim
j→∞
ϕj ◦ · · · · ϕ1(y) = ι(0)
}
is called a non-autonomous basin with uniform bounds. The long-standing Bedford
conjecture states that such a basin is biholomorphic to Cn (cf. [1]). Fornæss and
Wold proved that such a basin is elliptic in the case of Y = Cn [9, Theorem 1.1].
In fact, their proof works for any complex manifold Y (see the proof of Lemma
4.4).
Theorem 4.3 (cf. Fornæss–Wold [9, Theorem 1.1]). Every non-autonomous basin
with uniform bounds is elliptic.
We need the relative version of this theorem. Let π : Y → B be a holomorphic
submersion between complex spaces, f : B → Y be a holomorphic section of π
and ι : B×Bn → ι(B×Bn) ⊂ Y be a biholomorphic local π-spray over f . Assume
that {ϕj}j∈N is a sequence of fiber-preserving holomorphic automorphisms of Y
such that ϕj ◦ ι(B×B
n) ⊂ ι(B×Bn) for all j ∈ N and there exist 0 < C < D < 1
such that
ϕj ◦ f(b) = f(b), C‖w‖ ≤ ‖prBn ◦ ι
−1 ◦ ϕj ◦ ι(b, w)‖ ≤ D‖w‖
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for all j ∈ N and (b, w) ∈ B × Bn where prBn : B × B
n → Bn is the projection to
Bn. Let us consider the set
Ω =
{
y ∈ Y : lim
j→∞
ϕj ◦ · · · · ϕ1(y) ∈ f(B)
}
.
Lemma 4.4. Under the above assumptions, the restriction π|Ω : Ω→ B is elliptic.
Before proving the above lemma, let us recall the definition of ellipticity for
holomorphic submersions.
Definition 4.5. A holomorphic submersion π : Y → B is elliptic if there exists
an open cover {Uα}α of B such that for each α there exists a holomorphic vector
bundle p : E → π−1(Uα) and a holomorphic map s : E → π
−1(Uα) such that
π ◦ s = π ◦ p, s(0y) = y and s|Ey : Ey → π
−1(π(y)) is a submersion at 0y for each
y ∈ π−1(Uα).
It can be easily seen that ellipticity implies convex ellipticity (cf. [12, Proof of
Proposition 8.8.11 (b)]).
Proof of Lemma 4.4. Since the definition of ellipticity is local, we may assume that
B is a locally closed complex subvariety of an affine space. Take a point b ∈ B
and a compact neighborhood K ⊂ B of b. It suffices to construct a dominating
global π-spray s : (Ω ∩ π−1(K◦))× Cn → Ω over the inclusion Ω ∩ π−1(K◦) →֒ Ω.
Set Kj = (ϕj ◦ · · · ◦ ϕ1)
−1(ι(K × (1/2)Bn)) (j ∈ N), K0 = ι(K × (1/2)Bn) and
s0 : OpK0 ×Op {0}
n → Ω, s0(ι(b, w), w
′) = ι(b, w + w′).
Take 0 < r < 1. For each j ∈ N, we shall inductively construct a dominating
local π-spray sj : OpKj × Op(jBn) → Ω over the inclusion OpKj →֒ Ω which
approximates sj−1 on OpKj−1 × Op(r(j − 1)Bn). Then s = limj→∞ sj : (Ω ∩
π−1(K◦))× Cn → Ω exists and has the desired property.
Assume that we already have sj−1 : OpKj−1 × Op((j − 1)Bn) → Ω for some
j ∈ N. By definition, there exists N ∈ N such that
(ϕN ◦ · · · ◦ ϕ1)(Kj ∪ sj−1(Kj−1 × (j − 1)Bn)) ⊂ ι(K × B
n).
Then by the argument in [9, p. 4], there exist a positive continuous function t :
OpKj → R and a holomorphic map s˜j−1 : {(y, w) ∈ OpKj × C
n : ‖w‖ < t(y)} →
ι(OpK × Bn) such that
• s˜j−1|OpKj×Op {0}n is a dominating local π-spray over ϕN ◦ · · · ◦ ϕ1|OpKj ,
• t|Kj−1 > j − 1, and
• (ϕN ◦ · · · ◦ ϕ1)
−1 ◦ s˜j−1 approximates sj−1 on OpKj−1 ×Op((j − 1)Bn).
By applying the argument in the proof of [9, Lemma 2.2] to
(ϕN ◦ · · · ◦ ϕ1)
−1 ◦ s˜j−1 : {(y, w) ∈ OpKj × C
n : ‖w‖ < t(y)} → Ω
as in [9, p. 4], we can obtain a dominating local π-spray sj : OpKj×Op(jBn)→ Ω
over the inclusion which approximates sj−1 on OpKj−1 ×Op(r(j − 1)Bn). 
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Proof of Theorem 4.2. By Theorem 2.3, it suffices to prove that the restriction
π|Y \S : Y \ S → B is convexly elliptic. Since the definition of convex ellipticity is
local, we may assume that
• Y is Stein,
• π : Y → B enjoys the density property, and
• S ⊂ Y is O(Y )-convex
by the assumption in Theorem 4.2 and the definition of a family of compact holo-
morphically convex sets. Let K ⊂ Cn (n ∈ N) be a compact convex set and
f : OpK → Y \S be a holomorphic map. Take a small compact convex neighbor-
hood K˜ ⊂ Cn of K such that f : Op K˜ → Y \ S is defined. If we set
Y˜ = (π ◦ f)∗Y, π˜ = (π ◦ f)∗π, g = π∗(π ◦ f), S˜ = g−1(S),
then the following is a pullback diagram:
Y˜ \ S˜ Y \ S
Op K˜ B
pi|
Y \S˜
g|
Y \S˜
pi
pi◦f
Since we may assume that Op K˜ is Stein, it follows from Lemma 3.3 that Y˜ is a
Stein manifold and π˜ : Y˜ → Op K˜ enjoys the density property. Note also that
S˜ ⊂ Y˜ is O(Y˜ )-convex and the restriction π˜|S˜ : S˜ → Op K˜ is proper.
By the universality of the pullback, there exists a holomorphic section f˜ :
Op K˜ → Y˜ \ S˜ of π˜ such that g ◦ f˜ = f :
Op K˜
Y˜ \ S˜ Y \ S
Op K˜ B
f
f˜
pi|
Y \S˜
g|
Y \S˜
pi
pi◦f
Then there exists a biholomorphic local π-spray ι : Op K˜ × 2BN → ι(Op K˜ ×
2BN ) ⊂ Y˜ \ S˜ over f˜ by Lemma 2.4. Note that S˜|K˜ = S˜ ∩ π˜
−1(K˜) is a compact
O(Y˜ )-convex set since S˜ is O(Y˜ )-convex and K˜ is convex. Take a small compact
O(Y˜ )-convex neighborhood L ⊂ Y˜ \ ι(Op K˜ × 2BN) of S˜|K˜ . After rescaling 2B
N
if necessary, we may assume that ι(K˜ × rBN) ∪ L ⊂ Y˜ is O(Y˜ )-convex for all
r ∈ [0, 1]. Define a smooth isotopy µt : 2B
N → 2BN (t ∈ [0, 1]) by w 7→ (1− t/2)w,
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and consider the fiber-preserving smooth isotopy ϕt : ι(Op K˜×2B
N )∪Op(L)→ Y˜
(t ∈ [0, 1]) defined by
ϕt(y) =
{
ι ◦ (idOp K˜ × µt) ◦ ι
−1(y) if y ∈ ι(Op K˜ × 2BN ),
y if y ∈ OpL.
Take a distance function d on Y˜ and set
ε = inf
y∈S˜|
K˜
, y′∈Y˜ \L◦
d(y, y′) > 0.
By Corollary 3.5, there exist fiber-preserving holomorphic automorphisms ϕ˜j :
π˜−1(OpK)→ π˜−1(OpK) (j ∈ N) such that for each j ∈ N, ϕ˜j ◦ ι(OpK × B
N ) ⊂
ι(OpK × BN ),
ϕ˜j ◦ f˜(z) = f˜(z),
1
4
‖w‖ ≤ ‖prBN ◦ ι
−1 ◦ ϕ˜j ◦ ι(z, w)‖ ≤
3
4
‖w‖
for all (z, w) ∈ OpK × BN , and
sup
y∈L∩pi−1(OpK)
d(ϕ˜j(y), y) < ε/2
j.
Then by Lemma 4.4, the restriction of π˜|pi−1(OpK) : π˜
−1(OpK)→ OpK to the set
Ω =
{
y ∈ π˜−1(OpK) : lim
j→∞
ϕj ◦ · · · · ϕ1(y) ∈ f˜(OpK)
}
is elliptic and hence convexly elliptic. Note that f˜(OpK) ⊂ Ω ⊂ Y˜ \ S˜ holds by
construction. Thus there exists a dominating global π˜-spray s : OpK × CN →
Ω ⊂ Y˜ \ S˜ over f˜ |OpK . Then the composition g ◦ s : OpK × C
N → Y \ S is a
dominating global π-spray over f : OpK → Y \ S. 
5. Applications
In this section, we present applications of our results. Let us first prove Theorem
1.6 in the introduction. In the proof, we need the following lemma which is an
immediate consequence of [23, Corollary 4.1].
Lemma 5.1. Let Y be a complex manifold. Assume that for any y ∈ Y there exist
complex manifolds Bj (j = 1, . . . , k) and holomorphic submersions πj : Y → Bj
(j = 1, . . . , k) with the Oka property such that TyY =
∑k
j=1Tyπ
−1
j (πj(y)). Then
Y is an Oka manifold.
Proof. Let X be a Stein manifold, f : X → Y be a holomorphic map and
x0 ∈ X be a point. Take complex manifolds Bj (j = 1, . . . , k) and holomor-
phic submersions πj : Y → Bj (j = 1, . . . , k) with the Oka property such that
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Tf(x0)Y =
∑k
j=1Tf(x0)π
−1
j (πj(f(x0))). Then for each j = 1, . . . , k, the Oka prop-
erty of πj implies that there exists a dominating global πj-spray sj : X×C
Nj → Y
over f (cf. the proof of [12, Corollary 8.8.7]). Note that
k∑
j=1
∂w|w=0sj(x0, w)(T0C
Nj ) =
k∑
j=1
Tf(x0)π
−1
j (πj(f(x0))) = Tf(x0)Y
holds. Thus [23, Corollary 4.1] implies that Y is an Oka manifold. 
Proof of Theorem 1.6. We may assume that there exists C > 0 such that
S ⊂
{
(z, w) ∈ Cn−2 × C2 : ‖w‖ ≤ C(1 + ‖z‖)
}
from the beginning. Then for any (n − 2)-dimensional complex linear subspace
V of Cn which is sufficiently close to {(z, w) ∈ Cn−2 × C2 : w = 0} (in the
complex Grassmannian), the restriction π|S : S → V of the orthogonal projection
π : Cn → V is a proper map. Thus for any z ∈ Cn there exist orthogonal
projections πj : C
n → Vj to (n−2)-dimensional complex linear subspaces Vj ⊂ C
n
(j = 1, . . . , k) such that
• the restrictions πj |S : S → Vj are proper, and
• TzC
n =
∑k
j=1Tzπ
−1
j (πj(z)).
Then Theorem 4.2 implies that the restrictions πj |Cn\S : C
n \ S → Vj enjoy the
Oka property. Hence the complement Cn \ S is Oka by Lemma 5.1. 
Next, we give the proof of Corollary 1.8 in the introduction. Let us recall the
following localization principle for Oka manifolds. Here, a subset of Y is said to
be Zariski open if its complement is a closed complex subvariety.
Theorem 5.2 (cf. [23, Theorem 1.4]). Let Y be a complex manifold. Assume that
each point of Y has a Zariski open Oka neighborhood. Then Y is an Oka manifold.
Proof of Corollary 1.8. Take an arbitrary point p ∈ Cn \ C. After some unitary
change of coordinates, we may assume that
• there exists a point q ∈ C such that ({0} × Cn−1) ∩ C = {q}, and
• p ∈ C∗ × Cn−1.
Recall that every rectifiable arc in Cn is polynomially convex (cf. [30, Corollary
3.1.2]). Thus C \ {q} ⊂ C∗ ×Cn−1 is a closed O(C∗ × Cn−1)-convex set since it is
exhausted by rectifiable arcs. Consider the exponential map
π : C× Cn−1 → C∗ × Cn−1, π(z, w) = (exp z, w).
Note that the inverse image S = π−1(C \ {q}) ⊂ Cn is polynomially convex
and satisfies the assumption in Theorem 1.6. Thus Theorem 1.6 implies that the
complement Cn \ S is Oka. Since
π|Cn\S : C
n \ S → (C∗ × Cn−1) \ C
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is a holomorphic covering map, the complement (C∗ × Cn−1) \ C is also Oka
(cf. [12, Proposition 5.6.3]). Since it is a Zariski open Oka neighborhood of p,
the localization principle (Theorem 5.2) implies that the complement Cn \ C is
Oka. 
Note that Theorem 1.2 and the fact used in the above proof also imply the
following.
Corollary 5.3. For any rectifiable arc C ⊂ Cn (n > 1), the complement Cn \ C
is Oka.
It is known that every closed algebraic subvariety S ⊂ Cn of codimension at
least two satisfies the assumption in Theorem 1.6 (cf. [6, §7.4]). Thus it follows
that the complement Cn \ S is Oka, which was already observed by Gromov [19,
§0.5.B]. Since every closed complex subvariety of a Stein space admits a basis of
closed holomorphically convex neighborhoods (cf. [7, Proposition 2.1]), we can
also obtain the following corollary by Theorem 1.6.
Corollary 5.4. Every closed algebraic subvariety S ⊂ Cn of codimension at least
two admits a basis of closed neighborhoods whose complements are Oka.
For a discrete set in Cn (n ≥ 3), the assumption in Theorem 1.6 is equivalent to
tameness introduced by Rosay and Rudin [29] (see [29, Theorem 3.5]). A discrete
set D ⊂ Cn is said to be tame if there exists a holomorphic automorphism ϕ of
Cn such that ϕ(D) = Z×{0}n−1 (cf. [29, Remarks 3.4]). The Oka property of the
complement Cn \D of a tame discrete set D was proved by Forstnericˇ and Prezelj
[16, Theorem 1.6]. For the same reason as above, the following corollary holds.
Corollary 5.5. Every tame discrete set D ⊂ Cn (n ≥ 3) admits a basis of closed
neighborhoods whose complements are Oka.
Related to Corollary 5.5, Buzzard [5] studied dominability of the complement
of the ε-neighborhood of a tame discrete set. His results, the question of Rosay
and Rudin [29, Question 3] and Corollary 5.5 lead us to the following question.
Question 5.6. Assume that ε > 0 and D ⊂ Cn (n > 1) is a discrete set such that
inf
p,q∈D, p 6=q
‖p− q‖ > 2ε.
Does it follow that the complement Cn\
⋃
p∈D B
n(p, ε) is Oka? Here, Bn(p, ε) ⊂ Cn
denotes the closed ball of radius ε centered at p.
For the standard tame discrete sets, we can give the following positive answer
as an application of Theorem 1.2.
Corollary 5.7. For any n > 1 and any 0 < ε < 1/2, the complement Cn \⋃
p∈Z×{0}n−1 B
n(p, ε) is Oka.
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Proof. Recall that C∗ × Cn−1 enjoys the density property by the result of Varolin
[31, Theorem 4.2]. Let us consider the exponential map
π : C× Cn−1 → C∗ × Cn−1, π(z, w) = (exp(2πiz), w).
Note that there exists an open polydisc D ⊂ Cn such that Bn(0, ε) ⊂ D, the
restriction π|D : D → π(D) is biholomorphic and π(D) ⊂ C
∗ × Cn−1 is Runge.
Thus the image π(Bn(0, ε)) ⊂ C∗ × Cn−1 is a compact O(C∗ × Cn−1)-convex set.
Then it follows that the complement (C∗×Cn−1)\π(Bn(0, ε)) is Oka from Theorem
1.2. This implies that its universal covering
C
n \
⋃
p∈Z×{0}n−1
Bn(p, ε) = Cn \ π−1
(
π
(
Bn(0, ε)
))
is also Oka (cf. [12, Proposition 5.6.3]). 
In the rest, we consider graph complements (see [24, §5.4] for related results).
The following is an immediate consequence of Theorem 4.2.
Corollary 5.8. Assume that Y is a Stein space, π : Y → B is a holomorphic sub-
mersion with the density property and fj : B → Y (j = 1, . . . , k) are holomorphic
sections of π. Then the restriction π|Y \
⋃k
j=1 fj(B)
: Y \
⋃k
j=1 fj(B) → B enjoys the
Oka property.
In particular, Corollary 5.8 implies the following Oka principle.
Corollary 5.9. Let π : Y → B be a holomorphic submersion between Stein spaces,
fj : B → Y (j = 1, . . . , k) be holomorphic sections of π and ϕ0 : B → Y be a
continuous section of π. Assume that π enjoys the density property and ϕ0(b) 6=
fj(b) for all j = 1, . . . , k and b ∈ B. Then there exists a homotopy ϕt : B → Y
(t ∈ [0, 1]) of continuous sections of π such that
(1) ϕt(b) 6= fj(b) for all j = 1, . . . , k, b ∈ B and t ∈ [0, 1], and
(2) ϕ1 : B → Y is a holomorphic section.
For a complex manifold Y , let us consider the configuration space of ordered
n-tuples of points in Y : F (Y, n) = {(y1, . . . , yn) ∈ Y
n : yj 6= yk if j 6= k}.
Kutzschebauch and Ramos-Peon proved that the configuration spaces F (Y, n) (n ∈
N) of a Stein manifold Y with the density property are Oka [26, Theorem 3.1].
Recall that if a surjective holomorphic Serre fibration π : E → B between complex
manifolds enjoys the Oka property, then E is an Oka manifold if and only if B
is an Oka manifold (cf. [11, Corollary 2.51]). Corollary 5.8 implies the following
stronger result.
Corollary 5.10. Assume that Y is a Stein manifold with the density property.
Then for each n ∈ N the projection
F (Y, n+ 1)→ F (Y, n), (y1, . . . , yn+1) 7→ (y1, . . . , yn)
enjoys the Oka property.
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Recall that for a continuous function f : D→ C, the projection (D×C)\Γf → D
from the complement of the graph Γf of f enjoys the Oka property if and only
if f is holomorphic (cf. [12, Corollary 7.4.10]). By Theorem 4.2, however, there
exists a non-holomorphic real analytic map f : D → Cn (n > 1) such that the
projection (D× Cn) \ Γf → D enjoys the Oka property (e.g. f(z) = (z¯, 0, . . . , 0)).
This phenomenon leads us to the following question.
Question 5.11. Assume that f : D → Cn (n > 1) is a continuous map. Is there a
characterization of the Oka property of the projection (D×C) \ Γf → D by some
function-theoretic property of f?
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